An analytical modeling approach for ball screw feed drives is proposed to predict the dynamic behavior of the feeding carriage of a spindle. Mainly considering the rigidity of linear guide modules, a ball-screw-feeding spindle is modeled by a mass-spring system. The contact stiffness of rolling interfaces in linear guide modules is accurately calculated according to the Hertzian theory. Next, a mathematical model is derived using the Lagrange method. The presented model is verified by conducting modal experiments. It is found that the simulated results correspond closely with the experimental data. In order to show the applicability of the proposed mathematical model, parameter-dependent dynamics of the feeding carriage of the spindle is investigated. The work will contribute to the vibration prediction of spindles.
Introduction
Ball screw feed drives are frequently used to position the spindle (or stage) to the desired location due to their high stiffness and accuracy. The positioning precision and efficiency directly determine the quality and productivity of machine tools [1] . Hence, it is necessary to possess insight into the effect of ball screw feed drives on the dynamic characteristics of spindles or stages.
It has become mainstream to consider the effect of ball screw feed drives in the study of dynamic characteristics of stages. For instance, taking the stiffness of the ball bearings, the screw shaft, and the screw-nut interface into account, the vibration characteristics of the stage were investigated by means of lumped-parameter method [2] [3] [4] [5] . Besides, considering the effects of the preload and rigidity of linear guide modules, the vibration characteristics of the stage were researched using the FE method [6] [7] [8] [9] . In the analytical model of a linear feeding stage [10] , the rigidity of linear guide modules was also taken into account. However, the rolling interfaces between the guide rail and slider were oversimplified. Briefly, the ball screw feed drives have a strong influence on the dynamic behavior of stages. Nevertheless, the modeling accuracy of the linear guide module requires further improvement.
Research on the dynamic behavior of spindles was conducted using a variety of approaches [11] [12] [13] . The dynamic models accounted for the spindle shaft and bearing, the holder and cutter, and the frame structure of machine tools. However, the mechanical characteristics of ball screw feed drives were rarely taken into consideration. Preloading of the ball screw feed drive was considered and the dynamic behavior of a vertical column-spindle system was analyzed by Hung et al. [14, 15] . But, it is time-consuming to obtain the desired results with the FE model. Therefore, further research on the vibration characteristics of spindles under the influences of ball screw feed drives should be conducted.
In order to make a contribution to the vibration prediction of spindles, an analytical modeling approach is proposed to establish a mathematical model for a ball-screwfeeding spindle system (BSFSS). The BSFSS is simplified as a mass-spring system with six degrees of freedom. The rolling interfaces in linear guide modules are emphatically considered and accurately described. The motion equations and numerical solutions are derived. The modal experiments are conducted for validation of the presented model. With the proposed mathematical model, parameter-dependent dynamics of the feeding carriage of the spindle (FCoS) is also discussed. Finally, a conclusion is drawn.
Analytical Modeling Approach

Dynamic Model.
A BSFSS considered here is shown in Figure 1 . The spindle is fixed on the feeding carriage. The feeding carriage driven by the ball screw is mounted on the machine base through a pair of linear guides. The ball screw is supported by ball bearings. At the left end, two angular contact ball bearings are mounted back to back to sustain the axial and radial forces. At the right end, one deep groove ball bearing is installed to provide the radial force. The commercial linear guide module (composed of a linear guide and a slider) has four ball grooves with a circular arc profile forming a point contact at the angle of 45 degrees. The linear guide module can be preloaded at a different amount. The preloads are quantified as low preload (Z0, 0.01 ), medium preload (ZA, 0.06 ), and high preload (ZB, 0.11 ), where denotes the dynamic load rating (7.83 kN) [16] . The joints between the spindle and feeding carriage also influence the dynamic behavior of the spindle. For simplification, the joint stiffness is assumed to be infinite. And the spindle and feeding carriage are represented together as a rigid body with a total mass of , as depicted in Figure 2 (a). The ball bearings at the left end are modeled by a linear elastic connection with axial stiffness . The radial stiffness of ball bearings mainly determines the bending vibration of the ball screw. In the study of the axial and torsional vibration of the ball screw, the radial stiffness of ball bearings is normally neglected [5, 17, 18] . Inspired by those studies, the radial stiffness of ball bearings is not considered in the model here. The screw shaft is simplified as a linear elastic connection with axial stiffness bs . The screw-nut interface is endowed with an axial stiffness na and a torsional stiffness nr .
The rigidity of the linear guide module is governed by the contact stiffness of rolling interfaces between rolling balls and grooves because the guide rail and slider are more rigid in structure. Hence, by neglecting the mass of rolling balls, each slider is assumed to be supported by four spring elements in the direction of the contact angle. The spring element is located at the middle of each ball groove longitudinally. As shown in Figure 2 (b), the spring elements are quantified with stiffness values 1 , 2 , 3 , and 4 for each linear guide module ( = 1, 2, 3, 4).
A coordinate system for vibration motions of the FCoS is illustrated in Figure 2 ± 0 are the distances from the contact points between the rolling balls and sliders to x-y plane and x-z plane, respectively. As depicted in Figure 1 , and are defined as the distances from the contact points to y-z plane.
According to the aforementioned simplification, the BSFSS is modeled as a mass-spring system. The vibration modes associated with the motion degrees of freedom can be defined. The translational motions , V, and are defined as linear displacements in axial, lateral, and vertical directions, respectively. The displacement in the axial direction is called axial vibration mode. The rocking motion about -axis is known as rolling vibration mode. The rocking motion about y-axis is pitching vibration mode and the rocking motion about z-axis is yawing vibration mode.
Contact Stiffness of Rolling Interfaces.
In the linear guide module, the stiffness of the spring elements is determined by the contact characteristics of rolling interfaces. The contact stiffness of the rolling interface can be calculated according to the Hertzian theory [19] . As illustrated in Figure 3 , 1 is the radius of the ball, 2 is the radius of grooves in the guide rail and the slider, is the contact angle, and denotes the contact force. To enhance the accuracy of the model, the contact is regarded as elastic.
The contact force can be related to the local deformation at the contact point by the Hertzian expression [20] :
where is the elastic deformation at the contact point.
representing the Hertz constant is determined as
where
In the above equations, [m 2 /N] describes the comprehensive material property of the ball and groove. 1 and 2 are Young's modulus for materials of the ball and groove, respectively. 1 and 2 are Poisson's ratios. [m −1 ] is the synthetic curvature of the ball and groove. , named as the Hertz coefficient, can be obtained based on the value of ( ) [21] . ( ) and are both dimensionless. The contact stiffness between the ball and groove can then be obtained using
As revealed in (4), the contact stiffness depends nonlinearly on the contact force, which is essentially determined by the preload set on the rolling ball.
Mathematical Model and Analytical
Solution. The kinetic energy regarding the mass and inertia of the system is
The potential energy , due to the ball bearing, the ball screw, and the linear guide module, can be written as 
In the above equations, , , and are moments of inertia of the simplified rigid body about x-axis, y-axis, and z-axis, respectively.
is the displacement of the slider. The subscripts = 1, 2, 3, 4 represent the four sliders. The subscripts = 1, 2, 3, 4 represent the four rows of grooves in each slider.
Assume that all the linear guide modules have the same specifications and preloaded amounts and that all the vibration motions meet the small displacement assumption. The stiffness of the spring elements can then be presented as
As shown in Figure 2 (a), the linear elastic connections , bs , and na are in series. Hence, the equivalent axial stiffness can be derived as 1
with Young's modulus , the diameter , and the equivalent length ef of the screw shaft. The torsional stiffness of the screw-nut interface can be obtained using
with lead p of the screw shaft. Applying the Lagrange approach to (5)- (11), the motion equations of the mass-spring system can be derived:
+ nr = 0,
It is noticed that the first motion equation governs the displacement u along x-axis, and the fourth motion equation describes the angular displacement about x-axis. The natural frequencies including the axial ( ) and rolling ( ) modes can be calculated using
As revealed in (12), the linear displacement v and the angular displacement are highly coupled. The solution is assumed to be the form
Substituting (14) into the second and the sixth motion equations of (12), the characteristic equation can be derived as 
Similarly, the characteristic equation for the linear displacement and the angular displacement can also be derived as
Finally, the natural frequencies of the yawing ( ) and pitching ( ) modes are computed as
The parameters of the BSFSS are either obtained from manufacturers' catalogs or computed from the CAD model of the components, as listed in Table 1 . With the low preload set on the linear guide modules ( = 1.9888 N/ m) and the spindle positioned at the middle of its travel range ( ef = 242.5 mm), the natural frequencies associated with the fundamental vibration modes of the FCoS are calculated and listed in Table 2 . Substituting the eigenvalues into the characteristic equation, the corresponding eigenvectors can also be derived, which describe the vibration modes. The yawing mode ( ) stands for the coupling of the translational motion v and the rocking motion , in which the rocking motion is primary. The pitching mode ( ) expresses the coupling of the translational motion and the rocking motion , where the rocking motion is dominant. The rolling mode ( ) means the rocking motion , and the axial mode ( ) represents the translational motion . Figure 4 , the modal test is conducted on a ball-screw-feeding spindle setup. The linear guide modules are preloaded at low amounts (Z0) and the spindle is positioned at the middle of its travel range. Using the impact testing method, the hammering point is placed on the side (small dot) of the feeding carriage in the opposite direction of x-axis. Four accelerometers are arranged at the corners on the upper surface of the feeding carriage. Another accelerometer is located near the hammering point. The accelerometer at point P1 can obtain three-direction acceleration signals. The three accelerometers at points P2, P3, and P4 can obtain the acceleration signals in the direction of z-axis. The last accelerometer at point P5 can obtain the acceleration signals in the direction of x-axis. The directions of the signals are consistent with those of the BSFSS coordinates, and three tests are performed. With the impulse excitations at point P5, the FRFs of point P1 (in three directions), point P2 (in the direction of z-axis), and point P5 (in the direction of x-axis) are obtained using the LMS impact testing system. As illustrated in Figure 5 , the natural frequency at 35 Hz stands for the yawing dominant vibration, which excites the acceleration in the direction of y-axis. The pitching dominant vibration at 82 Hz and the rolling dominant vibration at 149 Hz both induce the acceleration in the direction of z-axis. The axial dominant vibration at 166 Hz arouses the acceleration in the direction of x-axis. The coupling vibration of the rigid pitching mode and the flexible bending mode at 231 Hz, which is not contained in the mathematical model, also causes the acceleration in the direction of z-axis.
Experimental Validation and Discussion
Modal Test Validation. As depicted in
With the FRFs, the dynamic parameters at low frequencies can be estimated. The experimental natural frequencies of different vibration modes are listed in Table 2 for comparison. The maximum relative error between the predicted natural frequency and the experimental natural frequency is 9.44%. According to the LMS modal analysis software, the modal damping ratio of the vibration modes, ranging from 0.83% to 9.05%, can be estimated. The low damping ratio has little effect on the natural frequency estimation. It can be concluded that the predicted results have a good agreement with the experiment. The deviation may be due to the inaccuracy or ignorance of various stiffness, damping, and inertia.
Effects of Structural Parameters.
According to the proposed mathematical model of the BSFSS, some numerical simulations have been conducted to investigate the parameter-dependent dynamics of the FCoS. Figure 6 depicts the dependence of natural frequencies on the preload set on the linear guide module. This reveals apparent dependence of natural frequencies associated with the yawing and pitching modes on the preload. It is also shown that the preload has a strong influence on the natural frequency corresponding to the rolling mode. For the natural frequency of the axial mode, the preload has no effect at all. The reason is that the axial mode is mainly determined by the stiffness of the ball bearings, the ball screw, and the screw-nut interface rather than the rigidity of the linear guide module. On the other hand, Figure 7 presents the influence of the span of sliders on the natural frequencies. With the span of sliders increasing from 64 mm to 124 mm, the yawing natural frequency changes from 36.7 Hz to 70.8 Hz, and the pitching natural frequency increases to 105.5 Hz from the original 86.7 Hz. Obviously, the span of sliders has no effect on the natural frequencies of the rolling mode and axial mode.
As observed from the analysis, the dependence of natural frequencies for the FCoS on various structural parameters is distinct. When the preload and span of sliders change, the maximum changing rates of natural frequencies reach 49.1% and 21.7%, respectively. Meanwhile, the preload and span of sliders both have no effect on certain natural frequencies. Hence, the analysis and obtaining parameterdependent dynamics of the FCoS are useful and meaningful. The selection of ball screw feed drives can be rapidly finalized so that the dynamic characteristics of the FCoS can be optimized in prototyping design.
In the engineering practice, the lateral and vertical deformation of the ball screw, which is neglected in the proposed model, may have some influence on the yawing and pitching vibrations of the FCoS, especially with the FCoS feeding along the ball screw. Hence, the bending deformation of the ball screw will be additionally considered in the future work.
Conclusions
Mainly considering the rolling interfaces in the linear guide modules, a mathematical model of the BSFSS is derived. The predicted results correspond closely with the experimental data. The ball screw feed drive, especially the linear guide module, is shown to determine the vibration behavior of the FCoS. The bending deformation of the ball screw and the bearing stiffness of the spindle will be additionally considered to predict the dynamic behavior of spindles.
With the mathematical model, the vibration behavior of the FCoS is rapidly analyzed for various structural parameters. This will be helpful for optimizing the structural parameters of ball screw feed drives in prototyping design.
